Positivity bounds -the consequences of requiring a unitary, causal, local UV completion -place strong restrictions on theories of dark energy and/or modified gravity. We derive and investigate such bounds for Horndeski scalar-tensor theories and for the first time pair these bounds with a cosmological parameter estimation analysis, using CMB, redshift space distortion, matter power spectrum and BAO measurements from the Planck, SDSS/BOSS and 6dF surveys. Using positivity bounds as theoretical priors, we show that their inclusion in the parameter estimation drastically improves the constraints on dark energy/modified gravity parameters. For the class of models investigated here, only 1% of the previously allowed parameter space survives.
Recently, significant progress has been made in developing parametrised approaches that allow modelindependently precision-testing our current leading theory of gravity, General Relativity (GR), as well as dark energy/modified gravity-related deviations away from it, in a (linear) cosmological setting [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Simultaneously, there have been advances in understanding what theoretical consistency criteria are required of low-energy Effective Field Theories (EFTs) to allow for a well-defined high-energy UV completion -and what these so-called "positivity bounds" imply for (low-energy) theories of dark energy and modified gravity [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . While cosmological parameter constraints on deviations from GR have been computed using general parametrised approaches and a variety of (current and forecasted) experimental data [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , positivity bounds have so far not been paired with any such observational constraints on gravity. Here we will do so for the first time, and show that a holistic joint analysis, which takes into account both theoretical priors required by positivity and observational constraints from recent data, can drastically improve cosmological parameter constraints on deviations from GR. Scalar-tensor (ST) theories -minimal deviations from GR in the sense that they only introduce a single additional degree of freedom -are at the heart of the parametrised approaches for dark energy and modified gravity that have been developed so far. Accordingly, we will consider Horndeski gravity [41, 42] , the most general Lorentz-invariant ST action that gives rise to second order equations of motion for the metric, g µν , and for the additional scalar field, φ. Specifically, this amounts to any linear superposition of the following four terms
where second derivatives of φ enter via the dimensionless matrix Φ
, and the G i are free functions of φ and ∇ µ φ∇ µ φ. Specifically, we have chosen to write the G i as functions of the dimensionless combinations φ/Λ 1 and X ≡ −
, where the subscripts ", φ" and ", X" denote derivatives with respect to these (dimensionless) arguments and the constant mass scales Λ i are taken to be
Here M Pl is the (reduced) Planck mass and H 0 is the Hubble parameter today. From an EFT point of view, these represent the scales at which different sectors of the theory become strongly coupled, defining a regime of validity beyond which trustworthy predictions can no longer be made.
1 The full Horndeski theory can then be written as
In order to best illustrate the impact positivity bounds can have on cosmological parameter estimation, we will focus on a concrete example in the main text (and discuss the general case in the Appendix). Specifically, we consider the shift-symmetric part of the L 2 and L 4 pieces in (1), i.e.
and also allow for a small mass term, − 1 2 m 2 φ 2 . We will see that this subclass of Horndeski theories is an 1 Note that the near simultaneous detections of GW170817 and GRB 170817A [43] [44] [45] [46] [47] have also been used to significantly reduce Horndeski gravity [48] [49] [50] [51] . However, the frequencies of the merger are close to Λ 3 , so additional assumptions about the UV physics are necessary to apply these bounds [52] (also see [49, 53] for related discussions). Our goal here is to remain as agnostic as possible about the UV physics, so we will not fix the speed of cosmological gravitational waves here.
excellent example of how current positivity bounds and observational constraints complement one another, but ultimately stress that this is a first step towards a more complete, integrated analysis: As more observational data become available and additional positivity bounds are computed in the future, we fully expect a much wider set of theories to be constrained with ever-increasing precision.
Positivity bounds: Since many of the terms in (1) and (3) are non-renormalizable, these theories must break down at high energies (typically around Λ 3 ). They are intended as an effective low energy description of some (potentially very complicated) underlying microphysics. Rather than trying to guess at this fundamental underlying theory, we will assume only that it is consistent with a "standard" Wilsonian field theory description -one in which Lorentz invariance, unitarity (well-defined probabilities), analyticity (causality) and polynomial boundedness (locality) are respected. From these basic principles, one can construct a variety of constraints which the low energy parameters (here encoded in the G i ) must satisfy, known as "positivity bounds" [11, 14, 18, 23] . The simplest of these concerns the tree-level scattering amplitude, A, between two massive particles on a flat background (see the Appendix for subtleties related to massless particles and non-trivial backgrounds). When expanded in powers of the center of mass energy, s, and the momentum transfer, t, A satisfies
where the expansion coefficients must obey the constraints [11, 21] ,
up to additional contributions suppressed by O(m 2 /Λ 2 3 ). Notionally, this corresponds to diagnosing whether it is possible (even in principle) for some new physics to enter at the scales Λ 3 and Λ 2 to restore unitarity in the full UV amplitude. If these bounds were violated, it would indicate that this new high energy physics is quite unlike any quantum field theory we know today 2 .
Expanding (3) about a flat background (g µν = η µν + h µν /M Pl ) and canonically normalizing φ and h µν such thatḠ 2,X = 1 andḠ 4 = 1/2, the tree-level scattering amplitude for φφ → φφ takes the form (4), with, (3), using αi = ciΩDE (12) and different choices of positivity priors (11) . Contours mark 1 and 2σ confidence intervals, computed using CMB, RSD, BAO and matter power spectrum measurements. We show the effect of imposing positivity bounds derived from φh → φh scattering (prior I) and φφ → φφ scattering (prior II). Dotted lines mark ci = 0 (the GR value), cT ≥ −1 (real GW speed) and cB < 2cT (prior II). Applying both positivity bounds eliminates all but 1% of the 2σ parameter space.
and for φh → φh we find,
where an overbar indicates that the function is evaluated on the flat background ( φ = 0). From (5), the existence of a UV completion therefore requires
where we have assumed Λ 2 Λ 3 . We show the analogous bounds for a general Horndeski theory (2) in the Appendix. The above amplitudes and corresponding positivity bounds have been derived on a flat background. However, since (3) is fully covariant, we may also consider the evolution of fluctuations about a cosmological background, and can assume that the positivity bounds (8) continue to hold for the G i evaluated on the cosmological φ .
Linear Cosmology: Cosmological deviations from GR are especially tightly constrained at the level of linear perturbations. We will therefore follow the approach of [29, 35] , assuming a ΛCDM-like background (motivated by the observed proximity to such a solution) and constraining perturbations around it. When perturbing (2), one finds that three independent combinations of the G i control the linear phenomenology [4] : α M , the running of the effective Planck mass M eff Pl ≡ M M Pl ; α B , the "braiding" that quantifies kinetic mixing between the metric and scalar perturbations; α T , the tensor speed excess, related to the sound speed of tensor perturbations via c 2 GW = 1 + α T . A fourth independent combination, the kineticity α K , is effectively unconstrained at the level of linear perturbations and does not affect constraints on other parameters [29, 35] (we have explicitly verified this in the present context), so we will not discuss it here. For the general Horndeski theory (2) we show the α i in the Appendix. When specialising to our specific example (3), the expressions for the α i reduce to
where M 2 = 2 (G 4 − 2XG 4,X ). It will be instructive to re-arrange the expressions for α M and α B and express them as
In an expanding universe, the positivity bounds (8) then translate into the following priors on the α i functions Prior I :
None of the α i in (9) depend on G 2 , so the positivity requirement G 2,XX ≥ 0 has no effect here. Note that the requirement α B ≤ 2α T ≤ 0 is significantly stronger than setting α B ≤ 0 and α T ≤ 0 separately, so this needs to carefully be taken into account in order to extract the full constraining power of both positivity priors simultaneously.
Cosmological parameter constraints:
We are now in a position to compute constraints on the α i (and hence on the deviations from GR they parametrise) using cosmological data. To do so, we will perform a Monte Carlo Markov Chain (MCMC) analysis, using Planck 2015 CMB temperature, CMB lensing and low-polarisation data [61] [62] [63] , baryon acoustic oscillation (BAO) measurements from SDSS/BOSS [64, 65] , constraints from the SDSS DR4 LRG matter power spectrum shape [66] and redshift space distortion (RSD) constraints from BOSS and 6dF [67, 68] . Computing cosmological constraints requires choosing a parametrisation for the α i . Numerous such parametrisations exist -for a discussion of their relative merits see [4, 28, 29, 35, [69] [70] [71] [72] [73] . Here we will pick (11) . Uncertainties shown denote the 95% confidence level. The distribution for cT is typically strongly skewed. We therefore do not give a mean value in such cases and denote limit values due to prior boundaries (when there is an excellent fit to the data on that boundary) with an asterisk. The combination of both positivity priors results in drastically improved constraints for the parameters shown.
arguably the most frequently used [4] :
This parametrises each α i in terms of just one constant parameter, c i , and is known to very accurately capture the evolution of a wide sub-class of Horndeski theories [74, 75] . For further details and a comparison of results for different parametrisations see [28] and references therein. We now compute constraints on the modified gravity/dark energy parameters c B , c M and c T , marginalising over the standard ΛCDM parameters Ω cdm , Ω b , θ s , A s , n s and τ reio -for technical details regarding the MCMC implementation see [28] . The results are shown in Figure 1 and Table I . The overall volume in c i parameter-space is reduced by a factor ∼ 110. 3 In other words, positivity bounds for (3) eliminate all but 1% of the parameter space, showing how drastically such bounds can improve constraints on deviations from GR. 4 A key reason for this is that the positivity priors and data constraints act in a highly complementary fashion: without any positivity bounds, the data prefer negative c T and positive c B , a combination that is ruled out by prior II. Prior II + data instead prefer a positive c T , which in turn is ruled out by prior I.
Physically, these positivity priors correspond to requiring a "standard" UV completion (in the sense discussed above) for the scalar sector of the theory: prior II from a completion beyond Λ 3 , and prior I from a completion beyond Λ 2 . Assuming such a UV completion, not only do positivity bounds significantly tighten constraints, but as the c T − c B plane in Figure 1 shows, the whole 2σ confidence region computed without such bounds can lie in a fundamentally unphysical region of parameter space, stressing the importance of incorporating positivity bounds into the data analysis.
The data constraints themselves are primarily driven by Planck CMB data, RSD measurements and gradient instabilities. Here Planck data constrain the c i primarily due to the way they modify the (late) ISW effect, as accurately probed by large scales in the CMB TT power spectrum. Secondly, RSDs provide a complementary probe of galaxy clustering. This rules out large positive c M , since this would lead to too much clustering (the rate of structure growth f σ 8 becomes too large in that case). Thirdly, gradient instabilities are associated to an imaginary "speed of sound", leading to a dangerous growth of perturbations. For scalar perturbations, such instabilities occur when (13) where ρ tot and p tot are the total energy density and pressure in the universe and we have defined
The onset of these instabilities rules out large negative c M and c B . For tensor perturbations, the analogous constraint simply imposes c T ≥ −1. Note that we do not rule out solutions with gradient instabilities a priori, but find that the data rule out solutions with significant such instabilities by themselves. Also note that, when using priors I + II, including RSD measurements no longer has a significant effect, since the relevant parts of parameter space are ruled out by the priors already. Finally, from (10) and Figure 1 one can observe that additional priors on the background evolution for φ (which we have remained agnostic about here) have the potential to rule out (3) altogether. For instance, assuming priors I + II, α M can only be positive ifẊ > 0.
Conclusions:
We have developed a holistic approach to deriving cosmological parameter constraints on deviations from GR while simultaneously taking into account both fundamental physical "positivity" priors and constraints from current observational data. In doing so, we have computed and discussed new positivity bounds ( (8) and (15)) for the general class of Horndeski theories (2). Using a subclass of these theories (3) as an example, we have explicitly shown that merging these bounds with current data can drastically improve constraints on deviations from GR, eliminating all but 1% of the previously allowed parameter space. This improvement in constraints (for this class of theories) is already larger than that expected from near-future data alone. For example, constraints from future CMB S-4, LSST and SKA data are forecasted [35] to shrink the currently allowed parameter space by a factor of ∼ 20 (to be compared with the factor ∼ 110 improvement from using positivity priors presented here).
5 With several additional positivity bounds expected to exist (from going beyond tree-level 2 → 2 scattering on flat space), this underlines how essential a joint approach merging fundamental physical priors with data constraints will be going forward. In order to maximally constrain deviations from GR using future data, ensuring one is working with a physical parameter space (instead of overfitting the data with unphysical parameter choices) along the lines outlined here will be key.
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APPENDIX
Here we give positivity bounds on the general Horndeski theory (2) and briefly discuss how these will link with constraints derived from linear cosmology. Indices are raised and lowered with the full metric g µν and we employ a (− + ++) signature.
Positivity bounds: We normalize the fields so thatḠ 2,X = 1 andḠ 4 = 1/2, where the overbar denotes the function evaluated at φ = 0 (the mass of the scalar is given bȳ 
and these obey the positivity bounds (5), i.e. 
again assuming that Λ 2 Λ 3 . Imposing a shift symme-try gives the simplified bounds,
since then the G n are functions of X only. As a consistency check, note that in the shiftsymmetric case one can expand the Horndeski terms on flat space as simply the cubic and quartic Galileon,
! and G 3,X /3 = g 3 /3!, to use the notation of [22] . There, the forward limit positivity bound 4g 4 ≤ 3g 2 3 was found, which is consistent with (16) . A stronger bound was also obtained in that case by demanding that the effects of new physics come in at a scale which is parametrically larger than m 2 , the mass of φ, whereas here we have simply demanded that new physics can enter at any scale before Λ 3 to unitarise the EFT.
Positivity caveats: Strictly speaking, the positivity bounds (5) were established assuming (i) that all particles involved have a nonzero mass, and (ii) a flat background (trivial vevs) for the fields. The mass is technically important in that it connects polynomial boundedness to locality via the Froissart bound, ensures no divergent t-channel pole in the forward limit, and guarantees an analytic Mandelstam triangle, 0 < s, t < 4m 2 . Here, however, we have also applied these constraints in the presence of a (massless) graviton. We do this with the understanding that we always work to leading order in M Pl and treat all gravitational effects semiclassically. For instance, beyond the leading order 1/Λ 4 2 contribution to the amplitudes there is a t-channel pole from virtual graviton exchange, ∼ s 2 /(M 2 Pl t), which we have neglected 6 (since, although formally divergent in the forward limit, t → 0, it vanishes in the limit M Pl → ∞). We have also assumed that the bounds continue to hold (at least approximately) on a cosmological background. This is particularly well-motivated in cases where the two vacua (flat and cosmological) are connected by a smooth limit -for instance by taking H → 0 andḢ → 0 while sending M Pl → ∞, as described by [17] in the context of the EFT of Inflation. In the future, the positivity bounds (5) are likely to be further improved by better exploiting the analytic structure of massless particles and de Sitter isometries. the α i controlling the dynamics of linear perturbationsCosmological parameter constraints: For fully general Horndeski scalar-tensor theories, the constraining power of the current positivity bounds is therefore clearly limited: there are currently too few bounds (15) to strongly constrain the freedom in the general α i (19) . In contrast, for the specific subclass of models (3) we focused on in the main text, the number of independent positivity bounds we derived matched up essentially 'one-toone' with the number of independent α i . Analogously, the bounds (15) can already be highly constraining for other specific 'simple enough' Horndeski models, i.e. specific choices of the G i with a relatively small number of free parameters. In order to achieve a similar level of constraining power for more general models, additional theoretical constraints will be needed. Fortunately the positivity bounds discussed here are only the beginning, since additional bounds are expected to arise from going beyond 2 → 2 tree-level scattering on flat space, These will complement constraints from the wealth of upcoming, near-future observational data, so fully exploring the impact of such fundamental theoretical requirements on cosmological parameter estimation will be of crucial importance going forward.
